\)

5.

6.

L'Hopital's rule Juugl sl
c08 lim f(x) = limg(x) = 5 lim f(x) = lim g(x) = 0 oS 1
XX XX X—>Xq X—Xg

f) ()
lim — = lim —/——
R g (1) ke g ()

sle Jganll die Jliy sl 3ac 8 a0did s ddaadle

o 0 o 0

000}000 ‘6 ‘; ‘g ‘6

AN U A aa Jlie

e?* —1 2e%%
lim = lim = 2
x—0 X x-0 1
" 3x>—x+5 o 6x—1 6 3
. lim =lim —— =lim — ==
x»05x2+6x—5 x-5010x+6 x-010 5
lim x?%e~2*
X— 0
im 2o = lim 2% = lim —2 =0
= lim Zo = lim 5o = lim o =
X — sinx
lim 5
x—0 X
_ 1—cosx I sinx 1
B xl—r>% 3x2 N xll}(]) 6x 6
_ 1+ cosmx
m e  ox+1
. —msinmx  —w?cosmx 2
:9cll>n11 2x + 2 _xll)l’l’_ll 2 _7
X
lim xcsc?V2x = lim ——
x—0 x-0 sin24/2x
y X y 2x
= lim = lim
x-20 1 —cos2v2x x201 —cos2v2x
2
y 2 1 2V2x 1
= 11m =—im—=-
*202sin 2 2x><—2 4 x>0sin2v2x 4

V2x



~ In(cos 3x)
7. lim —————=
x-0%* In(cos 2x)
—3sin 3x
= 1 CoS 3x
x—0+ —28in 2x
COS 2x
~ —3tan3x
xirgl+ —2tan 2x

9sec?3x 9

= lim ——— =
x-0+ 4sec?2x 4

‘,Jduz_qs;;

~1—cosx
L lim————
x>0 x°+Xx
5—5cosx
2. lim @———
x>0 e¥—x—1
g 1 sin?(mx)
004 et —x 13
- x—In(2x+1)
4. lim 5
x—0 X

5.1im (cscx — cotx)
x—-0

_ tanx
6. im ——
x-0 X +slnx



Logarithm functions
The logarithm function with base b is the function y = log, x where b > 0 and

The function is defined forallx = 0. b = 1.

Here is its graph for any base b.

}F

1
1 (b,1) v = log, x

Note the following:

1. For any base, the x-interceptis 1. =  log, 1 =0.

2. The graph passes through the point (b,1). = log, b = 1.

3. The graph is below the x-axis -- the logarithm is negative -- for 0 < x < 1

4. The function is defined only for positive values of x.
5. The range of the function is all real numbers.
6. The negative y-axis is a vertical asymptote.

7. log,(xy) =log, x + log, v.
8. log, (%) = log, x — log, .
9. log, (l) = —log, x.

.4
10. log, x¥ = ylog, x.

11. For each strictly positive real number a and b, different from 1, we have

log, x

l —
O6p + log b



The natural logarithm y = Inx

The system of natural logarithms has the number called e as its base. e is
an irrational number; its decimal value is approximately 2.71828182845904.
To indicate the natural logarithm of a number we write "In." In x means log, x.
So we have
1. lIne=1

Inx
Inb

3.In(xy)=Inx+ Iny

2. log, x =

X
4. In (?) =Inx—Iny

b hxy"—nng
Derivative of natural logarithm function
If u is a function x, then

i (Ini) = i ﬁ
idx u dx
Example 1: Find derivatives of the functions
1. y=In(bx + 1)

dy 1 (B 5
dx b5x+1 C bx+1
2. y=2xtan"'x —In(x% + 1)

ﬁ: 2x +2tan"tx — 2x

gx 142 ¢ ke o |

3. p=In{sin3x)

dy 1
dx sin3x

4. y=In(x? +3)%"*3) oy — (x2 +3)In(x? + 3)

dy 2%
é: (x* +3) Xm-l-zjcln(xz +3)=2x+ 2xIn(x% + 3)

=2tan"lx

X 3cos3x = 3cot3x

v



Exponential functions
For any positive number a > 0, a # 1, there is a function called an exponential
function that is defined as f(x) = a*

For example

-2 -1 a 1 2
Now, let’s talk about some of the properties of exponential functions.

1. The graph of f(x) =a* will always contain the point(0,1) . Or put another

way, a® = 1 regardless of the value of a.
For every possible a, a* > 0. Note that this implies that a* = 0.
If 0 < a < 1 then the graph of a* will decrease as we move from left to right.

If @ > 1 then the graph of a* will increase as we move from left to right.

If a* = b* then a = b.

g1 & o o

Basic rules for exponents

1.The productrule a*.a¥ =a**™¥
2.The quotientrule — =a*"”

3. Therule for power of apower (a*)¥ = a*¥

Yy



Natural exponential function
The function f(x) = e* is often called exponential function or natural exponential

function which is an important function. The exponential function f(x) = e* isthe

inverse of the logarithm function f(x) =Inx.

Derivatives of exponential function
If u is a function x, then

d u u du
a[e }=e T
Example 2: Find ¥" and y"' of the functions
1L gr—r
l}],.f = BEI—E s 36396—2
y'' = 3e3*2 X 3 = 9e3% 2
2 p=3Rxel X
y' = 2xel™¥ X (=5) + 2173 = 173 (—10x + 2)
y'' = e X (=10) + (—10x + 2)e'>* X (=5)
= —5e175%(2 — 10x + 2) = 10e*5*(5x — 2)
3. =2 =52y
y' =2e73* cos2x — 3e3*sin 2x = e~3*{cos 2x — 3 sin 2x)
P =g 25(—lisin 2% — B eos 2x) — e *={cos 2x — Ji5in 2% )
y" = (5sin2x — 2cos2x)e™*

4. V= Evl—?x

_e*-."i—Ex
"'V'r:—
) Vv1—2x
gVl-2x e g —  eVl-2x
1—2 4 — | —pvl-2x % V1-Z2x __
V”= : ‘\..'1—21 ( = ) 1/1_21::6 fl_zx
} 1—2x 1—2x
e\,-m(l_ 1 ) pvizx (N1—2x —1 |
v1—2x/ _ Vi—2x ) e (Y1-2x -1)
B 1—2x - 1-—2x - (1— 2x)3/2

%Y



Solving exponential and logarithm equations

Logarithms are the "opposite"” of exponentials. In practical terms, | have found it useful
to think of logarithm in terms of the relationship:

y = log, x & x=b
7= IlnE . B
Chemistry application:
1- Radioactive Decay: The amount of a radioactive element A4 at time t is given by:
A= Aye*t

Where A4, is the initial amount of the element and k is the constant of proportionality.
Example 3: The radioactive element radium-226 has a half-life of 1620 years. If a

sample initially contains 120 gm, find the constant k.
1 |
t=1620 = A=—4, = A=—X120=60gm

A =85 e 6= TR0

60
120

1620k = In(0.5)

_In(0.5) —0.6931
1620 1620

Example 4: The radioactive element lodine-131 has a half-life of 8 days. If a sample

1620k _

0.5

e

=—428x10"*

initially contains 5 gm . Find a function which gives the amount at any time ¢.

1 1
t=8 = A=?AG -::>A=?><5=2.5gm

T L = e 8 T i
In(0.5)
k —
8

. ~0.0866 t
So A=4,e

e — 0.5 = —0.0866

V¢



2- The pH Scale
pH is the negative logarithm of the hydrogen ion concentration:

pH = —log[H*]
Example 5: What is the pH of a solution where [H*] = 0.0003 M.
pH = —log[H¥]

pH = —10g(0.0003) = —log(3 X 107%)
pH= —(log3+1og107*) = —(log3 — 4log 10)
pH = —(0.447 — 4) = 3.553

Example 6: How many moles of H* ions are in 1500 liters of human blood?. If pH = 7.4

pH= —log[H"]
7.4 = —log[H"]
log[H"] = -7.4

[H*] = 10774 = 1068 = 10%6 x 10~
[H*]=398x 10 M
The moles of H* ions are in 1500 = 3.98 x 1072 x 1500=5.97 x 10~°

Exercises

Find derivative in each of the following problems(1 — 4)

1. y=In(x?+x) 2. y=x%In(x?—2x+5)

3. y = E?.s:in_:":)r: 4. y= xae—ix
5. The radioactive element Chromium- 51, has a half-life of 27.7 days. If a sample
initially contains 75 milligrams. Find a function which gives the amount at any time t.

6. What is the pH of a solution where [H*] = 0.000014 M.

7. Find [H*]if pH = 8.5

Yo



Trigonometric functions

Definitions of trigonometric functions for a right triangle

A right triangle is a triangle with a right angle (90°)

=

opposite

adjacent

For every angle & in the triangle, there is the side of the triangle adjacent to it, the side
opposite of it and the hypotenuse such that a? + b? = ¢2.

For angle @, the trigonometric functions are defined as follows:

opp b adj «a
sinf =——=— , C0sf=—=—

hyp ¢ hyp ¢

siné o b 7 dj
tanfd = = IJP=_ . Cgtﬂzc?s zﬂzi

cos@ adj a sind opp b

1 h I8 1| h C

secd = _DP_ £ , csch =— _wP_ ¢

cosf adj a
Trigonometric functions of negative angles

sin(—@) = —sinf , cos(—@)=cos@® and tan(—@)= —tané
Some useful relationships among trigonometric functions

1. sin’x+cos?x=1 , sec’x—tan?x=1 , csc?x—cot’x=1

2. sin2x =2sinxcosx, cos2x = cos’x —sin’x =1 — 2sin’x = 2cos?x — 1

1—cos2x 3 1+ cos2x
_— COs“x =——

3. in’x = ’
sSin-x 7 7

\o



Graphs of Trigonometric Functions

—

y=sinx

—1 i 0 # w 2w - _i SE w
i 2 2 | 2 2 R
: I I I
Domain; —= < ¥ < = Domain: —= < x < =
Range: -l=y=1 Range: -1=y=1
Period: 27 Period: 2w
¥ v
T y=s5SeCX * v = CSC X
J( ] U
1 1 1 I
- 0| f -+ w0| = 37
‘zm:! m- 2 m
Domain'x#t , X 3—”.
2 2 Range:
Range: vy=—landy=1 Pcnfvd
Period: 2w i

Domain: x # 0, *7, +27,...

y=-landy=1
27

Derivatives of trigonometric functions
If u is a function x, the chain rule version of this differentiation rule is

1 d( ) = du
o sinu) = cos u. I
) du
Z.E (cosu) = —smu.a
d du
ol O S e
8. I (tanu) = sec®u. I
" d( - du
— (cotu) = —csc?u.—
dx " ax
d d
5.— (secu) = secutanu. &
dx
d du
6.— (cscu) = —cscucotu.—
dx dx

1

Range:

3w
z

Domain: x #:12—", *
-y ®
Period: =«

3 y=cotx

3z
2

Domain: x # 0, *#, *2m,. ..
Range: —w <y<wm
Period: =



Example 1: Find derivatives of the functions
av
1. y=sin’x = y=(sinx)? = d—i=25inxcosx=sin2x

dy

2. y=cos(x?) = —=—2xsin(x?)
dx
1 sec?4/x
Vi 2Vx
dv

4, y=x%sec3x = di: = 3x%sec3xtan3x + 2xsec3x = x sec3x (2 + 3xtan 3x)

dy

3. y=tanyx = — =sec?yxX
y nyx = sec?y/x >

dy (|
5. y=+/sin2x = y = (sin 2x)12 = d_-i: ?(sin 2x)"12 % cos 2x X 2

Ccos 2Xx

Vsin2x

Example 2: If y=tan 2t and x = sec2t showthat d_} = ¢sc 2t
X

dy dx
— —2sec?2t , — = 2sec2ttan 2t
dt dt

dy d}fxdt > sec? 2t X 1 sec 2t
dx dt  dx SeC 2sec2ttan2t tan2t

1
cos 2t _
sin 2t gin 2t
cos 2t

=EsE 2L

T

I )
Example3: Ify =6 —cos@ and x = 6 + cos8 ; (D <6< E) show that d;c = (secf + tan §)?

5 ekl Ped Sl
dg_ S1I1 arl dg_ sS1n

d}!_ﬂxﬁ_l—i—sinﬂ

dx df# dx 1—sinf

ﬁ_l—l—sinﬂxl—ksinﬂ_1+25in6’+sin29_1+25in9+sin23

dx 1—sinf 1+siné 1 —sin?8 cos? @
dy 1 25in8+sin29
dx cos?6@ cos?@ cos?é@

=sec’@ + 2secftanf + tan® @

dx

= (secf +tan 8)?

VYV



Inverse trigonometric functions

The inverse trigonometric functions are defined to be the inverses of particular parts
of the trigonometric functions; parts that do have inverses.
The inverse sine function, denoted by sin™*x (or arcsin x), is defined to be the

inverse of the restricted sine function.
A similar idea holds for all the other inverse trigonometric functions. It is important
here to note that in this case the (-1) is not an exponent and so,

5 1
s5In° "X F —
Sl X
In inverse trigonometric functions the (-1) looks like an exponent but it isn’t, it is
simply a notation that we use to denote the fact that we’re dealing with an inverse
trigonometric function. It is a notation that we use in this case to denote inverse
trigonometric functions. If we had really wanted exponentiation to denote 1 over sine

we would use the following.

i |
(sinx)™! = —
Sinx
Domain: -1 =x=1 Domain: -1 =x= 1 Domain: —eo < x << oo
. W e =T . ,
Range: iy =0 Range: O=y=mw Range: —ge:}'{%
}' }.' 1.

k. '

.3 . a7 S ——————
2 P | -1 T
y = sIn” X = C0s X
¥ ¥ 2 y= tan‘lx
| | > X | | |

Domain: x=-lorx=1 Domain: x=-lorx=1 Domain: —eo << X << oo
Range: DE}'EWJ-'#% Range: —%5;;-5%,;»-#0 Range: O<y<w
)l -'-\r \J
b F 3 -~
T T
. E_ _‘;!=E:SC_I_I.' ________ T
T y = sec”lx y = cot Lis
_______ 2l 1 | [T L
r - Y I 2\
| | I \____E | | | L,
2 - I 2 2 1 2




Derivatives of inverse trigonometric functions/7

Let u be a function x,the derivatives of inverse trigonometric functions are:

1 (sin-1w) 1 du ) d s 2al) -1 du
—(sin"*u)= —.— —(cos™'uU) = ——.—
dx V1—u2 dx dx Vv1—u? dx
d 1 du d —1 du
3.—(tan " tu) = — 4 —(cot™tu) = —
dx( i) 14+u2 dx dx et = u) 14+ u? dx
1 du d -1 du
5.—(sec lu) = . 6.—(csc™lu) = ———. —
dx( ) lulvu? —1 dx dx( ) lulvu? —1 dx
Example 4: Find the derivative for
dy_ 1 2

l.y=sin"12x = —

1 A —————
dx /1 - (2x)2 V1 —4x2
2.y =3xcos 13x—+1—9x2

ﬁszX_—1x3+3cos‘13x—i
dx m 24/1 —9x2
—Oy g Ox s
:—W+3CGS 3x+m:3cos 3x
3.y = 24/xtan"1+/x
. =
%= 24/x X 1+(1ﬁ)2 ><:2\1E+ Ztan‘lﬁxziE= 1ix+mnﬁﬁ

Exercises

Find derivative in each of the following problems(1 — 4)

1. y=sec?2x 2. y=x%sinx + 2xcosx — 2sinx
3. y=+/x?—1—seclx 4. y = 2xcos 14/x +sin"tyx — 23/x — x?2
: : : dy
5. If y=1—sinf and x =6 —sinf find a
_ . ay
6. If y=sec?t and x=+t?2—1 find e

L



Hyperbolic functions 4 311 J) sl
GSias il g sinx , cosax Jsadl s (Bosall A ) Al o (Caliall Avas ) AR J) sad) Gl plas
G x? + y2 =1 Lahbwe dllgsaagisyihhiaa e (cosf,sing) Ahdl clilaaly
el Saie e dda8i (3483 sinhx , coshx 4ol J el o) (os (8 .y =sinf ,x = cos 6
A0 31 J) sall Cens B pe g X2 — y2 = 1 23

Y y=rcoshx
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CiliUatial) oang
1.coshx 4 sinhx = e*
2.coshx —sinhx =e™*
3.cosh?x —sinh?x =1
4.cosh(—x) = coshx & sinh(—x) = —sinhx
5.sinh(x + y) =sinh x cosh y + sinh y cosh x
6.sinh 2x = 2 sinh x cosh x
7.cosh (x + y) = cosh x cosh y + sinh y sinh x
8. cosh 2x = cosh? x + sinh? x
9. 2cosh?x =cosh2x + 1
10. 2sinh?x = cosh2x — 1

Sl
e*+e™ e¥—e™*

1.coshx + sinhx = > + > =e

5. sinh x cosh y + sinh y cosh x

X

e* —e™* ey+e'y+ey—e_y e*+e™*
2 2 2 2
Xty f ¥V —eTEY L oTXTY VX L VX _oTVHE oYX
= +
4 4
20XtV 4 207XV XtV 4 p=(xtY)
= = = sinh(x +
eX + e X 2 eX — e~ X 2
8. cosh?x + sinh?x = (—) 1 (—)
2 2
1
= I(ezx +2+e %X +e?* -2+ e %)
er _l_e—Zx
=T = cosh 2x

LAY Uil 5 sl i g



lim tanhx =1 O o (V) Jha

X—>00
: Jadl
eX — =%
lim tanhx = lim ———
X—00 x—oweX +e~*
1 eX(1—e %)
bt e*(1+ e~2x)
o me®
= lm e -
sinh 3x = 3 sinhx + 4 sinh3 x o) it (V) Jla
 Jdall

3 4
3sinhx + 4sinh3x = E(ex —e™) + g(ex —e™¥)3

3 1

= E(ex —e™) + > [(e¥)3 — 3(e¥)?e™ + 3e*(e™™)? — (e™¥)3]
3 1

= E(ex —e™) +§(e3x —3e* + 3e™* — e73%)

X _ ,—X _E X _ ,—X l 3x _ ,-3x
(e e ™) 2(6 e )+2(e e %)

Il
N W

(e3* — e™3¥) = sinh 3x

N =

sech2x = 0.25 SN x 4ef 2 (V) Jhs
:Jadl

8++1V64—4 _
e = B =4 F V15

1
2x=ln(4$\/ﬁ) - x=71n(4$\/ﬁ)



2cosh2x +10sinh2x = 5 43Ul daleall da (£) Jba

s Jall
, er+e—2x+1O A2 o2 .
X X =
2 2
e?* + e72% 4 5e?¥ —5e 2*¥ =5
{ 6e?* —4e 2¥*=5 }xe?*
6e** —56e?* —4 =0
(2e?* +1)(3e** —4) =0
1
ezx = —? dAﬁ—’
ez’c—i - Zx—ln(i x—iln(i)
K -~ \3 2 \3
+ A 3 ) gal) cliiiia
d du
1.a(sinhu) = coshua
2 hat) = sinhu
T (coshu) = sin udx
3. % (tanhu) = sech?u
: dx(an u) = sec U
42 foth ) = —osciPues
.7 (cothu) = —csch”u—
du
5.— (sechu) = —sechutanhu—
dx dx
d u
6.— (cschu) = — cschu cothu—
dx dx

1d ik _d(e”—e”)_
“dx (sin u)_dx 2 B

u
I u Uy ___ —
2(e +e )dx

1 du
2 dx
du
coshu Tx

Sl all

(et
e e dx



3 d carih _d(e”—e‘”)

' dx( anh ) ~ dx\e¥ +e

_(e"+eT™)(e"+e ™) —(e" —e )(e" +e7™)\ du
B (et + e~%)2 dx
(@ +2+eT) = (e =2+ e\ du

B (e¥ + e~1)2 dx

B 4 du ( 2 % du _ sech? du
C(e%+eW)2dx  \e* + e‘”) dx oM ¥k

AV sl op sl iy g
x =1n2 e y =3cosh2x —sinhx Saiall ulaall dalas 2a (0) Jba

y' = 6 sinh 2x — cosh x

m= y'|,z1p2 = 6sinh2In2 — coshn 2

eln4_e—ln4 elnz_l_e—lnz

m = 6sinhIn4 — coshln2 = 6 X > — >

_3(4 1) 1(2+1)_45 6 39
me 4) 2 2] 4 4 4
Y|yz1n2 = 3 coshln 4 — sinh1n 2

_3(4+1) 1(2 1)_51 5_41
B 2) 8 4 8

39
YTg T gl

8y —41=78(x—1In2)

oelatl) adas



The inverse hyperbolic functions 4swsall 411 31 J) gall
y .

L

y = sinh~! x

r7T 17T 1T 177

|
o\_
|
M_
T T
b =
-
m—v
L
S
— W
T T T 1
et
I
o
[=]
I
¥ =
T

y y
- | I -,
| :
y =(tanh-1x I y = coth~'x| I
| | | I
| | | I
| | | I
| | | I
| P T T > X
-1, 0 (1 -1, 0 11
| | | I
| | | I
| | | I
| | | |
| | I
| | I
y y
y=sech~'x 4
3 y = esch™x
2 -
> X
1} 0
: > 1
0 1 2 3

doaaiy e ol AN, ApuaSal) Agail 31 J1gal) ciBSle

1. sinh™!x =In x+\/x2+1) ; —oo < x < oo

2. cosh™x=1In (x ++/x2 — 1) ; x=>1
1++vV1—x2
3. sech™lx =1In " = cosh™! (;) :0<x<1




s ol )
1. u=sinh™'x o i
e —e™¥
—
{ 2x=e%—e™ }xe"
e?% —2xe* —1=0

L —bEVbh2—4ac  —(=2x) +/(-2x)? =4 x1x(-1)
B 2a B 2x1

e =x++x?+1

uzln(xi x2+1)

x = sinhu =

e

x—Vx2+1<0 Vx oY ln(x—\/x2+1) dadll Jag Lia
sinh‘1x=ln(x+ x2+1)

LAY B sl b
s AuSel) A0 31 ) gall cilitiig

a . _; 1 du
1. E(smh u) =ﬁ@
d 1 1 du
2. E(cosh u) = \/ﬁﬁ
d 1 1 du
3. E(tanh u)=1_u2.a ul <1
d . 1 du
4, E(coth u)=1_u2.a;|u|>1
d R -1 du
5. a(sech u) = dx
—1 du

d
. — htuy)=—. —
6 dx(csc u) i dx



.lim cothx = —1 ool
X—>C0
cosh 3x = 4 cosh®x — 3 coshx o) <l 2

- 2060 @Yol Ja de gane 2a 3

4

1
(a) cosh(lnx) — sinh (ln? x) =

(b) 4sinhx+3e*+3=0
(c) 4coshx + sinhx =4
(d) 3sinhx —coshx =1
(e) 4tanhx —sechx =1
.x=1In3 ey =2coshx —4sinhx il (uleddl Aabas 2a 4
sl J)sall dside a5
(a) y = cosh2x — sinh 3x
(b) y = 4sinh™! 2x
(¢) y = 5xsech4x — 21 tanh3 4x
(d) y = 3 cosh?2x — 13 sinh?(3x2)





